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We consider an interaction of charged bodies under the following simplified conditions: the 
distribution of charge over each body is stable; the interaction of bodies is governed by electrical 
forces only. 
Physically, these assumptions can be treated as the following decomposition of charges: the 
structure of each body is assumed to be stable due to inner forces (say, quantum forces [1]), 
which do not influence the interaction of the bodies; the bodies interact due to the classical 
electrical forces [2] only. In this model, the role of inner forces is to create a specific stable 
distribution of the charge over a body.  
We assume that the charge distribution over a body can be described by the density of the 
charge. In our model, the distribution of the charge is the property of a body and does not change 
in the process of the bodies’ interaction. For the simplicity we assume that the bodies are similar 
in the sense of geometry, say, occupy domainQ  and have a preferable direction of interaction 
denoted by .  3Ox
 
Statement of the complementarity problem. The problem we are considering is the 
complementation problem formulated as follows: Do there exist a charge distribution that makes 
the bodies to form pairs, such that the bodies in each pair attract one to another while push away 
other bodies? 
For one pair of distributions, the problem has a trivial solution: 1)( =xφ  and 1)( −=Φ x . The 
first nontrivial case is the case of two pair of distributions. 
 
We consider the case when two bodies are placed one in front of the other (like two bodies 
on the left-hand side of Fig.1). In this case, the interaction of two charges with distributions )(xφ  
and )(yψ  is measured by the interaction force in direction  3Ox
yyxxyxFeFe dd )()(|)(|33 ψφ−=  (1) 
Denote 
|)(||)(| 3 yxFeyx −=−F  (2) 
The total force for given distributions – pair interaction force 
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The vector  is displayed in Fig.1, the domains  and d Q d+Q are two domains at the left-hand 
side in Fig.1. 
 
 
 
 
Fig.1. Two bodies one in the front of other and the right body displaced 
Introduce oper
(4) 
where .   
h this notation, we have th llowing formula for the pair interaction force 
ator   
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Q
∈−→∈ ∫ yyyxy ψψR , 
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( , ) means the standard scalar product in
he general case. Generally speaking, every body has several degrees of freedom and moves in 
)(2 QL . 
 
T
space. A movement of a body can be described by using the transformation yryy S++→ , 
where r  is a translation vector, S  means operation of rotation. Generally, one has to change (3)-
(5) for  
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We assume that contact position of a pair of bodies is 03 =x . We say two bodies with 
distributions φ  and ψ  to be complementary if the pair interac  force 0)),(,( >tion ψφ SR r  for 
some S,r  and 0))(,( < , ψφ SR r  any S,r  in the contact position. 
 
A special case. Let us consider two bodies with axisymmetrical distribution of charges as shown 
Q
in Fig.2. We restrict the translation degrees of freedom in 1Ox  and 2Ox  directions and allow 
translation along 3Ox -axis, only. In this case, the limit position is ,r  Rotation is possible 
about the 3Ox -axis only and transforms yy S→ do not change the distribution of 
axisymmetrical charges. In the limit position, ope is 
yyx dR )(|)(|
0=
rator R
yψψ −∫=R  (9) 
The kernel  of the integral operator in (9) is the fundamental solution of the 
roblem an
|)(| yx −R
electrostatic p d is singular [2]. We make a simplification and assume that the kernel is 
a smooth function (thus we assume that the charges belonging to one body do not touch the 
charges belonging to another body). 
 
 
 
 
Fig.2. A pair of bodies with axi-simmetrical distribution of charges. 
 
 
The linear integral operator  (9) is compact, self-adjoin:  
, (10) 
and negatively determined 
. (11) 
 
The problem of complementarity - Strong formulation. Do exist four distributions 
)()( : 22 QLQL →R
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φ , ψ , Φ  
and Ψ   possessing the properties:   
φ  is complementary toΦ  and not complementary to φ , ψ  and Ψ ;  
ψ  is complementary toΨ  and not complement ry to a  φ , ψ  and Φ ; also Φ  is not 
co
co itions above may be written in the form 
mplementary toΨ . 
Due to (5), the nd
0, >ΦφI , 0, <φφI , 0, <ψφI , 0, <ΨφI , , 0, <ΦΦI 0, <ΨΦI ; 
0, >ΨψI , 0, <ψψI , 0, <φψI , 0, <ΦψI , 0, <ΨΨI , 0, <ΨΦI . 
(12) 
 
The problem of complementarity - Week formulation. Does exist four distributions 
possessing the properties 
0, >ΦφI , 0, ≤φφI , 0, ≤ψφI , 0, ≤ΨφI , 0, ≤ΦΦI , 0, ≤ΨΦI ; 
0, >ΨψI , 0, ≤ψψI , 0, ≤φψI , 0, ≤ΦψI , 0, ≤ΨΨI , 0, ≤ΨΦI . 
(13) 
 
Solution for week formulation. Linear operator , which is compact and )()(: 22 QLQL →R
self-adjoint, has a system of eigenfunctions ∞= that form an orthog1}{ iiϕ , onal basis in )(2 QL  [3]. 
In particular,  
iii ϕλϕ =R , ijji δϕϕ =),( . (14) 
We set 
iϕφ = , iϕ−=Φ , jϕψ = , jϕ−=Ψ , ji ≠ . (15) 
Since  is negatively determined R
0, >Φφ , I 0, <φφI , , 0, <ψψI , 0, <ΦΦI , 0, <ΨΨI . 0, >ΨψI (16) 
Since iϕ  and jϕ  are orthogonal eigenfunctions 
0, =ψφI , 0, =ΨφI , 0, =φψI , 0, =ΦψI . (17) 
By virtue of (16), (17), the functions (15) satisfy all cond ions in (13)
Solution for strong formulation. We construct a perturbation [4] of solution (15). Let 
it . 
 
φ  and ψ  
are solutions of the problem in the week formulation presented below. We take an eigenfunction 
ϕ  differ from φ  and ψ , and form the following four linear combinations (see Table 1) where α  
is a small real number.  
αϕφφ +=~  αϕ+Φ=Φ~  
αϕψψ +=~ αϕ+Ψ=Ψ
 
Table 1. Four linear combinations 
 
y virtue of (16), we have for sufficiently small 
 
α  B
0, >ΦϕI , ~~ 0~,~ <ϕϕI , 0, >ΨψI , ~~ , 0~,~ <ΦΦI , 0~,~ <ΨΨI , 0~,~ <ψψI (18) 
and, by virtue of (14), 
22 ||||),(),()~,(, ψφψφ = RI ~~~ ϕλαϕαλψλαϕφϕαψαϕφ ϕϕψ =++=++= RR , 
2 , 2 ||||),(),()~,~(~,~ ϕλαϕαλψλαϕφϕαψαϕφφφ φφψ =+−+=+−+=Ψ=Ψ RRRI
22 ||||~,~~,~ ϕλαψφφψ ϕ== II ,  
22 ||||),(),()~,~(~,~ ϕλαϕαλφλφαϕφϕαϕαϕψψψ ϕϕ =+−+=+−−=Φ=Φ RRRI . 
(19) 
Here φλ , ψλ  and ϕλ  are the eigenvalues corresponding to the eigen-functions φ , ψ  and ϕ , 
correspondingly,  means the standard norm in . Since the operator ||  || )(2 QL R  is negatively 
in , t ge
ns
determ ed hose ei nvalues are negative. As a result, 0|||| 22 <ϕλα ϕ . 
Deriving (19), we have used that the eigenfunctio  φ , ψ  and ϕ  are orthogonal. 
 
Con r conclusions are preliminary.  
he splitting of the interaction problem for charged bodies into two, namely 
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clusions. Since just a simple model has been considered, all ou
T
1. the problem of quantum mechanics, responsible for the stability of the bodies, 
2. the electrostatic problem, responsible for the interaction of the bodies 
is an effective simplification method for the initial problem. 
n be solved, at lea       In the framework of this approach, the problem of complementarity ca
plementary is a so called existena simple modeling case. It is seen that the problem of com
problem, a problem about the existence of functions satisfied a system of inequalities. 
      The solutions obtained (say again, obtained in the frameworks of simple model) 
demonstrates that from the mathematical point of view there exist a great variety of  
complementary charged structures. 
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